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ABSTRACT 
In this paper, we propose a method for numerically evaluating the probability of failure from the diagnostic 
results of condition monitoring using the Bayesian theorem. When performing maintenance using real-time 
monitoring results, a diagnostic result without any inspection error is ideal. However, failure is not caused even 
if the monitoring method sufficiently overestimates any small damage that can cause failure. Moreover, failure 
is not caused even if the method slightly underestimates large damage. In other words, for reducing the 
probability of failure, improving the accuracy of estimating specific damage levels is necessary. In this study, a 
method for reducing the risk by improving the diagnostic accuracy of specific damage levels by means of 
controlling the sampling ratio of the training data employed for learning the use of a weight function is proposed. 
The consequences of overestimation and underestimation of damage differ. The risk caused by underestimation 
is called failure risk and that caused by overestimation is called economic risk. In this paper, the effect of 
weighted regression on risk reduction is discussed. The proposed method is validated by employing it to identify 
delamination in a CFRP beam via the electric potential change method. 
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1. Introduction

This study is regarding a method for numerical evaluation of probability of failure (PoF) by using
Bayesian theorem from the diagnostic result of real-time condition monitoring. Engineering risk is 
defined by the combination of PoF and the consequences of failure as follows. 

Risk = PoF × Consequences of Failure(CoF). (1) 

The method of making decisions about maintenance plans using engineering risk is called 
risk-based maintenance (RBM). RBM is used in the petrochemical industry. API581 (USA)[1] and 
Z107 (Japan)[2] are major examples of the RBM standard. By making use of RBM, inspection plans 
and additional maintenance programs are decided in which the associated risks are used as an index. 
The risk index is plotted on the risk matrix (Fig.1). The upper right area is the high-risk area, and the 
lower-left area is the low-risk area. With RBM, by decreasing the equipment in a low- or high-risk 
area, maintenance programs are optimized. Therefore, making decisions pertaining to maintenance 
programs, each of which combines various inspections, by calculating PoF from each inspection 
becomes possible because the consequence of failure depends on the equipment. This study is focused 
on a method for evaluating risk from the diagnostic result of real-time condition monitoring. 

When performing maintenance based on the results of real-time condition monitoring, it is ideal 
to obtain diagnostic results that do not contain any inspection error. However, failure does not occur if 
the monitoring method sufficiently overestimates small damage. Indeed, failure does not occur even if 
there is a slight underestimation of a large damage. In other words, for reducing the PoF, improving 
the accuracy of estimating specific damage levels is necessary. In this study, we propose a method for 
reducing risk by improving the diagnostic accuracy of specific damage levels by means of controlling 
the sampling ratio of the training data employed to learn the use of a weight function. 
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Regarding the damage identification method, an inverse problem for damage or fault 
identification is an optimization problem for minimizing estimation error. To identify the relation 
between sensor measurement and damage properties, several statistical analysis methods such as 
multiple regression, response surface, generalized regression model, discriminant analysis, and spatial 
statistics[3-7] or optimization methods such as neural network, and genetic algorithm are used[8-11]. 
The magnitude of the estimated error is reduced when the method is advanced. However, to evaluate 
the risk of a structure using diagnostic results, it is important to accurately evaluate the probability of 
underestimation of severe damage, which causes structural failure. Hence, evaluating the probability 
distribution of the occurrence of true damage size for any estimated result is necessary. Therefore, this 
paper proposes a method for estimating the occurrence probability of true damage versus any 
estimated result using the occurrence probability estimates of the cause events via Bayesian theorem. 
Using this method, the residual strength distribution of the acquired distribution and the PoF are 
estimated. The proposed method is validated by applying it to the problem of identifying delamination 
of CFRP beams using the electric potential method[3]. 

Consequence(CoF)

Pr
ob

ab
lil

ity
(P

oF
) High Risk

Acceptable risk

Low Risk

Fig. 1. Risk matrix for RBM 

2. Numerical Evaluation of Economic Risk using Bayesian Theorem
2.1. Regression error of damage identification problem

In general, for damage identification, the maximum or the average estimation error is mainly 
discussed when evaluating each method. Hence, the distribution of the estimated value versus each 
true value is discussed. However, when evaluating the reliability of a structure or of the PoF from 
diagnostic results, it is important to consider the distribution of true value versus each estimated 
damage value. The distribution of true value versus each estimated value approximates that of 
estimated value versus each true value when (a) each damage size correlates to a uniform probability 
distribution of occurrence and (b) the distributions of the regression error for each damage size are 
equivalent. However, for damage identification, the occurrence probability of the large damage is 
smaller than that of the small damage because a large damage is caused by the accumulation of small 
damages or growth of small damages. Thus, the above assumption fails. Moreover, the range in which 
damage evaluation necessitates greater accuracy is the range where failure to detect the occurrence of 
damage is critical. In contrast, accurately estimating small damage is unimportant and the 
identification accuracy need not be uniform over the size range of damage. In summary, we describe 
the use of Bayesian theorem to estimate the probability distribution of true damage size in comparison 
with that of damage size estimated from the regression error. 

2.2. Estimation of distribution of occurrence probability of true damage size vs. each 
diagnostic result obtained using Bayesian theorem 

    Bayesian theorem [12-15] is a simple mathematical theorem used for calculating conditional 
probabilities. In engineering, it is used mainly for structural reliability assessment from small sample 
[16-20] (e.g., RBM). In this study, the theorem is used to estimate the occurrence probability of true 
damage according to an estimated damage size. Bayesian theorem is generally expressed as 
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where P(Ei) is the probability of occurrence of event Ei, P(F | Ei) is the conditional probability that 
event F is caused by event Ei, and P(Ei | F) is the “posterior probability” or the conditional probability 
that event Ei is caused by event F. From the viewpoint of identifying damage sizes, damage 
occurrence is the event that generates the arbitrarily estimated results, and P(ai) is the occurrence 
probability of the true damage size ai. P(EstAk | ai) is the probability that the occurrence of damage ai 
leads to the estimated results EstAk. In this case, Eq. (2) can be modified as follows. 
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where the left side is the posterior probability. Hence, P(ai | EstAk) is the occurrence probability of 
EstAk because of the true damage size ai. By estimating the occurrence probability of all ai values, the 
occurrence probability distribution of the true damage parameter and the estimated value can be 
determined.  

2.3. Procedure for estimating PoF for each estimated result 

PoF is estimated with the following equation by using the limit state function method: 

( )[ ]0<−= SRgPPoF (4) 

where R is the strength, S is the applied force, and g is the limit state function. Fig.2 shows the 
procedure for estimating the probability distribution of failure and the estimated result. First, the 
occurrence probability distribution of true damage size versus each estimated size is deduced by the 
procedure given in 2.2. Residual strength is a function of damage properties. In this paper, buckling 
failure caused by delamination cracking is assumed and the distribution of residual buckling strength 
is calculated using the proposed method. 
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2.4. Evaluation of accidental and economic risks 

Fig.3 shows the accidental and economic risks evaluated using the proposed method. Accidental 
risk is defined as the risk of failure caused by underestimation of damage size, while economic risk is 
defined as the risk of unnecessary maintenance costs arising from overestimation of damage size. The 
adjusted PoF (PDF of PoF versus PDF of occurrence of estimated damage size: PoO) is plotted on the 
vertical axis, and the estimated size is plotted on the horizontal axis. The accidental risk is evaluated 
as the area surrounded by the adjusted PoF and the threshold for maintenance operation. The threshold 
is set as the accidental risk and exhibits a constant value (0.03). The economic risk is evaluated as the 
area surrounded by the adjusted PoF, PoO, and threshold. As the acceptable level of accidental risk is 
limited, this study aims to reduce economic risk when accidental risk is constant. 
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Fig. 3. Accidental and economic risks from evaluated PoF 

3. Risk Reduction using Weighted Regression
1. Application of the method to the EPCM

As mentioned above, the proposed method for estimating PoF is applied for identifying
delamination in a CFRP beam using the electric potential change method via regression 
analysis[3,21-23]. Exponential distribution is used as the prior occurrence distribution. Owing to the 
prior distribution, the mean of true damage length is lower than the estimated damage length. The 
delamination crack deteriorates compressive strength. In this study, we consider buckling failure of 
the surface layer due to delamination.  

2. Evaluation of accidental and economic risks

Any external force applied to the structure is assumed to be normally distributed, which causes
buckling failure when the average length of delamination is 15 mm. Fig.4 shows the PoF for each 
estimated damage length. The abscissa shows the estimated size, and the ordinate shows PoF. Failure 
occurs at 15 mm or less because the external force is not constant. As shown in the figure, the PoF 
starts rising when the damage is smaller than 15 mm (Area A in the figure) and is saturated when the 
damage is approximately 17 mm (Area B in the figure). Area A is the result of underestimation, and it 
causes accidental risk. Area B is the result of overestimation, and it causes economic risk (i.e., 
unnecessary maintenance). To reduce the total risk, both accidental and economic risks must be 
reduced; however, the effects of the two risks are not the same. Thus, reducing the size of Area A is 
more important. 
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Fig. 4. Estimated PoF versus each estimated size 

3. Economic Risk Reduction using weighted regression

To reduce economic risk, weighted regression is applied. In this case, weighted regression
around the delamination lengths of 3–8 mm is conducted. Fig.5 shows the accidental and economic 
risks obtained using non-weighted and weighted regression. As shown in the figure, adjusted PoF is 
reduced in the weighted area. As the accidental risk is constant, the threshold for maintenance is 
shifted to the right and economic risk is reduced. As the probability of occurrence of small damages is 
high, improving the accuracy of small damage estimation using weighted regression can reduce total 
economic risk. 

(a) Without weight (b) With weight
Fig. 5. Accidental and economic risks estimated (a) with and (b) without weighted regression 

4. Conclusion

In this research, a method for numerical evaluation of the PoF using Bayesian theorem for each
diagnostic result of real-time condition monitoring is proposed. For evaluation, the occurrence 
probability distribution of true damage size for each estimated damage size is calculated using 
Bayesian theorem and the residual strength of the damaged structure is estimated from the calculated 
distribution. PoF is determined using the limit state function method. As a result, PoF starts rising for 
damages smaller than the critical level and it is saturated for damages higher than critical level. In 
conclusion, we confirmed that the proposed method evaluates the PoF for each estimated result.  
 Using the proposed method, it is possible to evaluate the PoF for each estimated result or

evaluate PoF directly from the monitoring data. Moreover, threshold damage size, which carries
lower risk than acceptable risk, can be defined by the method.

 To reduce total risk, both accidental and economic risks must be reduced. However, the effects of
the two risks are not the same. Thus, reducing the probability of accidental risk is more
important.

 By improving the accuracy of estimating small damage by weighted regression, total economic
risk can be reduced.
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